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A combinatorial tree is a finite connected acyclic undirected graph. For a self-map σ : V (X) →
V (X) on the vertex set V (X) of a combinatorial tree X, its Markov graph Γ = Γ(X,σ) is defined as
a directed graph with the vertex set V (Γ) = E(X) and the arc set A(Γ) = {(u1v1, u2v2) : u2, v2 ∈
[σ(u1), σ(v1)]X} (here [a, b]X denotes the metric interval between a, b in X).

A map σ : V (X)→ V (X) on a tree X is a neighborhood map provided σ(u) ∈ NG[u] for all vertices
u ∈ V (X) (i.e. if σ(u) = u or uσ(u) ∈ E(X) for all u ∈ V (X)).

Denote by dG(u) the vertex degree of u in a graph G and by L(G) the set of all leaf vertices (i.e.
vertices u with dG(u) = 1) in G. Also, let fixσ denotes the set of σ-fixed points.

Theorem 1. For any neighborhood map σ on a tree X with |V (X)| ≥ 2 the number of weak compo-
nents in the corresponding Markov graph Γ(X,σ) equals

∑
u∈fixσ dX(u)− |fixσ|+ 1.

Corollary 2. A neighborhood map σ on a tree X with |V (X)| ≥ 2 has a weakly connected Markov
graph if and only if fixσ ⊂ L(X).

For a map σ on a tree X an edge uv ∈ E(X) is called σ-positive (σ-negative) provided dX(σ(u), u) ≤
dX(σ(u), v) and dX(σ(v), v) ≤ dX(σ(v), u) (dX(σ(u), v) ≤ dX(σ(u), u) and dX(σ(v), u) ≤ dX(σ(v), v)).
Let p(X,σ) and n(X,σ) denote the number of σ-positive and σ-negative edges in X, respectively.

Theorem 3. For any neighborhood map σ on a tree X the number of arcs in the corresponding Markov
graph Γ(X,σ) equals |E(X)|+ 2p(X,σ)−

∑
u∈fixσ dX(u).

For a number α ∈ R− {0, 1} the first general Zagreb index [4] of G is defined as the sum Zα1 (G) =∑
u∈V (G) d

α
G(u). Similarly, for every number α ∈ R−{0} the general Randic index [1] of a graph G is

the sum Rα(G) =
∑

uv∈E(G)(dG(u)dG(v))α.

Theorem 4. For every n-vertex tree X the average number of arcs in Markov graphs for neighborhood
maps on X equals

(3− 2

n
) · Z−1

1 (K1 +X) + 2R−1(K1 +X) +
2

n2
− 3

n
− 3.

Given a graph G, its Narumi-Katayama index [5] is the product NK(G) =
∏

u∈V(G) dG(u) of degrees

over all vertices in G.

Proposition 5. For every n-vertex tree X the number of its neighborhood maps equals 1
n ·NK(K1+X).
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